A string of spheres is a sequence of nonoverlapping unit spheres in R 3 whose centers are collinear and such that each sphere is tangent to exactly two other spheres. We prove that if a packing with spheres in R 3 consists of parallel translates of a string of spheres, then the density of the packing is smaller than or equal to re/x/18. This density is attained in the well-known densest lattice sphere packing. A longstanding conjecture is that this density is maximum among all sphere packings in space, to which our proof can be considered a partial result.
Introduction
Let ~0 denote the lattice packing with unit spheres in R 3 described as follows. Start with a pair of tangent unit spheres and a parallel translation of R 3 which carries one of the spheres onto the other. The iterates of this translation and their inverses generate a sequence of unit spheres with disjoint interiors and collinear centers, and such that each of the spheres is tangent to exactly two others spheres. A sequence of spheres of this type we call a strin9 of spheres (see Fig. 1 ). The line containing the centers of all spheres in one string will be called the axis of the string. Two strings are parallel if their axes are parallel. Next, consider a pair of nonoverlapping parallel strings such that the distance between their axes is x/3, i.e., the minimum, and a parallel translation of R 3 which carries one of the strings onto the other. The iterates of this translation and their inverses generate a sequence of strings, forming a collection of nonoverlapping unit spheres with coplanar centers, which we call a layer. Finally other as possible, and a parallel translation of R 3 which carries one of the layers onto the other. The iterates of this translation and their inverses generate a sequence of layers. The resulting collection of unit spheres is the lattice packing ~o. The density of this packing is rt/~/~, known to be the maximum among all lattice packings with spheres in R 3 (see [6] , [8] , [4] , and [5] ). A long-standing conjecture states that this density cannot be exceeded in nonlattice packings either. For a survey of recent results concerning this and other problems in the theory of packing and covering, see [4] . The fact that ~o consists of parallel strings of spheres leads naturally to the following conjecture, stated by B6r6czky [1] and Woods [9] independently: If a packing of R 3 with unit spheres consists of parallel strings of spheres, then its density does not exceed n/w/18. The aim of this paper is to prove this conjecture.
Preliminaries and Notation
For the basic concepts of packing and density, the reader is referred to [5] . A packing with congruent copies of a set is saturated if no new congruent copy can be added to it without overlapping with any of the existing ones. Obviously, every packing can be extended to a saturated one, and this extension does not decrease its density. Throughout this paper ~ denotes a packing of R 3 with translates of a string of spheres, ~ = {sl, s2 .... ~. The axis of the string s~ will be denoted by ti. Since the aim of this paper is to prove that the density of ~ is at most rc/~, we can assume that ~ is saturated. Let H be a plane perpendicular to the axes ti and let P~ be the intersection point between H and t~. Notice that:
The distance between any two points of {P~} is greater than or equal to ,r Another tiling of H is obtained by connecting the points Pi and Pj with a line segment whenever their corresponding D-tiles have a common edge. This tiling, dual to the D-tiling, is called the V-tiling of H (see [2] , Voronoi-Delaunay tiling). Each member of the V-tiling is called a V-tile. Every V-tile is a polygon whose vertices lie in the set {Pi}. It is known (see [7] ) that every V-tile is inscribed in a circle which contains in its interior no point of the set {P~}.
Let T be a V-tile. If n is the number of vertices of T, then the density of the packing ~ relative to the infinite right prism over T is
where S is the unit sphere. Thus the density of ~ can be determined by the areas of the V-tiles and the numbers of their sides.
In the next section we state and prove some lemmas whose purpose is to determine a relation between the areas and the numbers of sides of the V-tiles.
Lower Bounds for Areas of V-tiles
In addition to the notation introduced thus far, we assume the following: n denotes an integer greater than or equal to 3, r denotes a positive number, and C is a circle of radius r. Lemma 3.1. Among all n-gons inscribed in C and with sides of length greater than or equal to a given number a < 2r sin(n/n), the one which has n -1 sides of length a is of minimum area.
Proof. Suppose that the n-gon p inscribed in C is of minimum area among all n-gons inscribed in C and with sides of length greater than or equal to a. (The existence of a minimum-area polygon among them is obvious.) Denote by a o a side of p of maximum length, and let ax be the side of p of maximum length among the remaining sides of p. Since the area of a polygon inscribed in a circle depends only on the lengths of its sides and not on their order, we may assume that the sides a o and a 1 are adjacent. Now, if a~ is of length greater than a, then, by moving the vertex ao c~ al along C so as to shorten the size ofa~ down to a, we obtain an n-gon p' of area smaller than that of p, while all sides of p' are still of length greater than or equal to a. Since this is impossible, for p is of minimum area, the length of al must be equal to a. Hence each side of p, with the possible exception of ao, is of length a.
[] Proof Among all n-gons Q with sides xl < ai there exists one of maximum area, denote it by Qo and denote its sides by y~ (i = 1, 2 ..... n). By a well-known theorem [10] , Qo is inscribed in a circle. Thus, the proof of the lemma is reduced to showing that Yi = a~ for all i. Assume to the contrary that, say, yl < a 1. Obviously, Qo is convex. Observe that ifv is a vertex of Qo which does not lie on yl, then the angle at which y~ is seen from v must be right. Otherwise the area of Qo could be increased by changing that angle slightly to make it closer to 90 ~ while keeping y~ shorter than a~ and leaving all the other sides unchanged. This implies that all vertices of Qo lie on a circle whose diameter is y~. Therefore Yi = a~ for all i > 1, because only one side of Qo can be the diameter of the circumscribed circle. Now, let d denote the diameter of the circle in which P is inscribed. Since a~ > y~ and d > a:, the circumcircle of P is larger than that of Qo, But since one side of Qo is the diameter of its circumcircle, and all the other sides of Qo are of the same length as the corresponding sides of P, this implies that P does not contain the center of its circumcircle, contrary to the assumption.
[]
Proof Let C be the circle with center M and radius r, circumscribed about T. By (2.2), r < 2. By Lemma 3.1, Area (T) > Area(T,(r)), where T,(r) denotes the n-gon inscribed in C whose n-1 sides are of length x/J each and the remaining side is at least that long. Notice that if n > 4, then M lies in the interior of T,(r).
Case I. M lies in the interior of T,(r). By Lemma 3.2, the area of T,(r)
is greater than or equal to the area of a regular n-gon of side v/3, which is 3n cot(n/n). Thus, in this case, the proof is reduced to the inequality 88 cot(n/n) > (n -2)x//2, which is equivalent to n/(n-2)cot(n/n)> 4v/~3. Since this last inequality holds for n = 4 and its left-hand side increases with n, it is true for all n >_ 4.
Case II. T,(r) does not contain M. Then n = 4 and Area(T4(r))> 39 2x/2, and the proof is complete. [] Area(T,(2)) = ~v/~ > Lemma 3.4. lf a V-tile T is an acute triangle, then Area(T) >_ x/~.
Proof Let A denote the (acute) triangle in H with sides x/3, x//3, and 2. Notice that Area(A) = x/2 and notice that A can be obtained by an arrangement of three nonoverlapping strings perpendicular to H. Obviously, there exists an arrangement of three nonoverlapping strings perpendicular to H that yields an acute triangle of minimum area (by acute traingle we mean here one whose every angle is of measure less than or equal to 90~ Denote such a minimum triangle by To. We shall show that T O is congruent to A, which will prove this lemma. Let the vertices of T O be pl, p2, and p3, defined by the strings s 1, s 2, and s 3, respectively.
We prove first that the strings s 1, s 2, and s 3 touch each other. Obviously, two of the strings, say s 1 and s 2, must touch, otherwise the area of T O could be decreased by shortening all of its sides at the same ratio. Then, s 3 must touch either s x or s 2, otherwise the area of T O could be decreased by moving s 3 closer to the plane of the axes of s 1 and s 2. During this motion T O cannot become obtuse because the distance pip2 is smaller than or equal to 2, each of the distances pip3 and p2p3 is always greater than or equal to x/3, and p3 moves perpendicularly toward the line segment p~p2. Let us say then that s 3 touches s ~. Now, if s 2 and s 3 did not touch, then again the area of T O could be decreased by reducing the angle between the sides p~p2 and pip3. During this motion To could not become obtuse because the sides plp2 and pip3 are of length of at least x/3 and at most 2, while p2p3 cannot become shorter than .,/3.
During the subsequent motions the three parallel strings will remain touching each other, therefore the resulting triangle will always remain acute. Indeed, in any obtuse triangle the ratio between its longest and its shortest side is greater than x/~, but in every triangle obtained from three mutually touching strings that ratio is at most 2/v/3 < x/2. Now, since T O is of minimum area, each sphere from the string s 3 touches at least three spheres from the other two strings. Otherwise each sphere from s 3 would touch exactly two spheres from the other two strings, namely one from each, and that would make it possible to "slide" s 3 (keeping s ~ and s 2 fixed) closer to the plane of the axes ofs~ and s 2 thereby decreasing the area of To. Thus, a sphere from s 3 touches two spheres in one of the other strings, say s ~. This makes the distance pip3 equal to x/3. Now, for the same reason as above, a sphere from s 2 touches at least three spheres from the other two strings, say two of them are from s 1. This makes pXp2 = w/3 and, consequently, p2p3 = 2. In effect, To and A are congruent, and the lemma is proved.
[] As we noted before, each V-tile is inscribed in a circle which contains no points from {Pi} in its interior and therefore the circle is of radius smaller than or equal to 2. On the other hand, each edge of a V-tile is at least x/3 long. This implies that the number of sides of each V-tile is at most 7. We are now concerned with those V-tiles which are of area smaller than ,,//2. For brevity, we call each such tile a singular tile.
Observe that each singular tile is an obtuse triangle whose longest side is of length greater than 2x/~, since the triangle with sides x/~, x/~, 2x/~ is of area v/2. Also observe that the area of any singular tile is greater than or equal to 3V/~/16 = 1.170937 .... which is the area of a triangle with two sides of length x/3 inscribed in a circle of radius 2. Denote this minimum area of a singular tile by 6. Proof. Since the square of side 2V/2 has circumradius 2, no V-tile shares the longest side of more than three singular tiles with them. In other words, k < 3. Let n denote the number of sides of T, 3 < n < 7. Let us consider the following cases:
(a) n > 5. By Lemma 3.2 the area of T is greater than the area of a regular n-gon of side x/~, i.e., Area(T) > 3n cot(n/n) > (n -2)x/2 + 3(x//2 -6), which closes the case.
(b) n = 4. Since the quadrilateral with consecutive sides of length 2x/2, x/~, and x/3 and with circumradius 2 contains the center of its circumcircle, so does T. By Lemma 3.2, the area of T is greater than that of the trapezoid with sides x//3, x/3, x/3, and 2x/2. The area of that trapezoid is equal to x/4x/~ + 1 (2x/~ + x/~)/4 = 3.74646 .... which is greater than 2V/2 + 3(x//2 -6) = 3.55825 .... Proof. Let Tbe a V-tile. The density dr of ~ relative to the infinite right prism over T depends on the area and the number of sides of T, as stated in (2.3). Therefore, by Lemmas 3.3 and 3.4, if T is nonsingular, then dr < n/x//~. If T is singular, then, by Lemma 3.5, across its longest side, T has a nonsingular neighbour T' such that the density relative to the prism over T' is small enough to compensate for the "surplus" of that for the prism over T and every other singular tile sharing its longest side with T'. Thus we conclude that the density of ~ is smaller than or equal to n/x/q-8.
Related Problems and Remarks
Remark. The result of this paper can be easily generalized to packings of parallel half-strings of spheres. Problem 1. Generalize the result to packings of strings without the "parallel" assumption.
Problem 2. Generalize the result to finite (of length n) strings of spheres, parallel or not necessarily parallel.
Problem 3. A cluster of spheres is a connected union of finitely many nonoverlapping unit spheres and such that the lattice packing ~'o is the union of nonoverlapping congruent copies [translates] of it. Produce a small cluster of spheres whose packing density with its congruent copies [translates] can be proved to be equal to Remark on Problem 3. It is not difficult to construct a large cluster of spheres whose packing density with its translates is equal to 7Ux//18. The meaning of Problem 3 is to construct a reasonably small cluster of spheres with this property.
An example of such a cluster of fewer than 15 spheres would be of interest and a proof for a cluster of two spheres would be a very significant result.
